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For Darcy flow (4 = 0)

0<i<03 forced convection (22a)
0.3 <A1<35  mixed convection (22b)
35< A free convection. (22¢)

Figures 3 and 4 present the ratios of the local and the total
surface heat transfer of the cylinder and that of the flat plate
(9ey/ @5 @/ Qi) for different values of buoyancy, curvature
and non-Darcy parameters (4, £, 4). Both the local and the
total heat transfer ratios (¢o,/qs, Quy/Qs,) increase with £ for
any given A. For aiding flow (1 > 0), ¢.,/q and Qcy/QOs
decrease as A (4 > 0) increases, but they increase as A4 in-
creases. However, the opposite trend is observed for the case
of opposing flow.

CONCLUSIONS

The skin friction and heat transfer parameters are found
to increase with increasing buoyancy force for aiding flow
and the opposite trend is observed for opposing flow. The
results tend to their forced or free convection values when
the buoyancy parameter tends to zero or infinity. The results
based on the non-Darcy flow model differ considerably from
those obtained by using the classical Darcy flow model. Both
the heat transfer and skin friction increase with the curvature
parameter.
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1. INTRODUCTION

HEAT TRANSFER from a fin involves two mechanisms, namely
conduction within the fin and convection from the fin surface
to the surrounding fluid. The boundary condition at the fin—
fluid interface is the continuity of heat flux and temperature.
Thus the conduction and convection problems are coupled.
Conventionally, however, the heat transfer characteristics of
fins are determined from the given literature value of the heat
transfer coefficient that is assumed constant over the entire
fin surface. In this conventional approach, henceforth called
the simple model, the actual fin—fluid interaction is not taken
care of. The heat transfer coefficient actually varies along the
fin surface, and depends upon the fin conductance as well as

1 On sabbatical leave from Indian Institute of Technology,
Kanpur, India.

the Reynolds and Prandt! numbers. The correct method,
henceforth called the complete model, is to solve the con-
duction problem for the fin and the convection problem for
the fluid simultaneously.

For rectangular fins complete model studies have been
carried out by Sparrow and Chyu [1] for forced convection,
by Sparrow and Acharya [2] for natural convection, and by
Sunden [3, 4] for mixed convection but only for a fixed
Prandt! number of 0.7. A very simple method, based on a
similar solution approach, was reported in ref. [5] for a wide
range of Prandt] numbers. The effect of Prandtl number on
the heat transfer from a rectangular fin has also been studied
by Sunden [6]. For cylindrical fins complete model studies
have been carried out in refs. [7, 8], and in ref. [9] for forced,
natural and mixed convective flow, respectively, but for a
Prandtl number of 0.7 only. Moreover, the analysis of Huang
and Chen [7] has some deficiencies, as detailed in ref. [9].
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The main objective of the present work is to analyze the heat
transfer from cylindrical fins cooled or heated by a high or
low Prandtl number fluid for various values of the con-
duction—convection parameter. Another objective is to com-
pare the simple and complete models for the cylindrical fin
under these conditions. While the fin conduction equation
has heretofore been solved by either a relaxation procedure
[3, 4] or a direct matrix inverse method [7, 8], we use the
simple Runge-Kutta method of integration [S, 9]). Our
method is very inexpensive compared to the relaxation
method or to the matrix inverse method.

2. ANALYSIS

Consider a laminar free stream with velocity u,, tem-
perature T, conductivity K, kinematic viscosity v, and ther-
mal diffusivity o approaching a cylindrical thin fin which is
aligned parallel to the oncoming flow. The fin of radius r,,
length L (>>r,) and conductivity K is attached to a base held
at temperature T,. The flow takes place from the tip (x = 0)
to the base (x = L) of the fin. The temperature of the fin is
T;(x), the temperature of the fluid within the boundary layer
is T(x, r), and the heat transfer coeflicient is A(x). We neglect
the stagnation cooling of the fin tip, and consider a long fin
$0 as not to be concerned with the separated region near the
base of the fin.

Defining the dimensionless variables

U=ulu,, X=x/L, V=vRe?lu,,
R=rRe”2/L, R0=70Rel/Z/Ls 9=(T_Tco)/(TO—ToO)’
0= (T — T )/ (Ty—T,), Re=u,Ljv, Pr=vja

the one-dimensional fin conduction equation [10] with neg-
ligible tip leakage is

d26,
377 = Nehn(X)6; )
with boundary conditions
def
G(X=1=1 and a(X— 0 =0. 2

The boundary layer equations for the laminar, uniform prop-
erty, viscous flow are

J(RU) | ORV)
ax Tk ° 3
U U 18 (_0U
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with the boundary conditions
U=0=V, 8=6/[(X) atR=R,

U-1, -0 asR - o

and
U=1, 6=0 atX=0,R>R,

where the conduction—convection parameter, N, = (2KL/
Kiro)Re'?, is the ratio of conductive to convective resist-
ance; the dimensionless heat transfer coefficient hy(X) =
(h(X)L/K)Re~Y?; and u and v are the velocity components
along the axial and radial coordinates x and r, respectively.

The heat transfer coefficient £y(X) to be used in the con-
duction equation is an outcome of the solution of the bound-
ary layer equations while the thermal boundary condition to
the boundary layer equations is an outcome of the solution
to the conduction equation. The coupling between the con-
duction and boundary layer equations is expressed by the
requirement that the heat flux and the temperature be con-
tinuous at the fin—fluid interface. Hence the coupling is pro-

vided by

7
KT -T.] = Ko t=re) (©)

3. SOLUTION

The boundary layer equations (3)—(5) are solved by a finite
difference marching technique, which is a modified version
of the one described by Hornbeck [11] for flow in a circular
pipe. Due to the non-linear nature of these equations, an
iterative solution using the Thomas algorithm at each
marching X-location is carried out. This iterative solution
is coupled with the fin conduction equation so as to get
the correct fin temperature and heat transfer coefficient as
a function of length along the fin.

For the solution of the second-order linear ordinary
differential equation (1), two linearly independent solutions
0y, and 6, are assumed such that

(X =1 =1, df(X=1)/dX =0 N
and
On(X=1)=0, dip(X=1)/dX=1. 8)

Equation (1) is integrated twice from X = 1 to 0, first with
initial conditions (7) and then with initial conditions (8)
using the fourth-order Runge-Kutta method yielding 8;,(X)
and 0,(X). Then the general solution of equation (1) is a
linear combination of 8;5(X) and 6,(X) such that

8e(X) = afn (X) +50(X) ©)

where the arbitrary constants @ and b are determined from
boundary conditions (2).

The following iterative procedure is followed for the solu-
tion of equations (1)—(6).

(1) A uniform fin temperature distribution such as
8:(X) = 1 is assumed to initialize the iteration process.

(2) Using this 8;(X) as the boundary condition the bound-
ary layer equations (3)—(5) are solved and the local heat
transfer coefficient A(X) is calculated using equation (6).

(3) With this A(X), the fin conduction equation (1) is
solved to get 6;(X).

(4) Steps 2 and 3 are repeated until convergence.

4. COMPUTATIONAL DETAILS

Following a step size study, the step size in the marching
direction (AX) was taken as 5x 10~° near the tip of the
fin (X = 0) and gradually increased with X up to X = 1/2.
Beyond X = 1/2, AX was gradually decreased upto X = 1in
order to take care of steeper fin temperature gradients. Along
the cross-stream direction very fine grids of size AR = 0.04
were concentrated near the fin surface and comparatively
coarser grids (AR = 0.1) were imposed in the region far away
from the fin surface.

For the convergence of the solution the difference in fin
temperature values between two consecutive iterations was
kept such that

[071 () — 07 COVOF+ (X) < &1,

where m represents the iteration index and ¢, was taken as
10~¢ for the results presented here. For the convergence of
the boundary layer equations the difference in the velocity
distributions between two consecutive iterations was kept
such that

[ '(R) = U™(R) U™ (R) <&,

where R, is the radius of the outer edge of the axisymmetric
boundary layer and ¢, was kept at 10~>. We found almost
no change in results when ¢, was taken as 107° except for
the additional computer time. A maximum of eight iterations
were required for the conduction equation for the largest

for0<X<1

for Ry, < R<R,
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N, value. We may also mention that no relaxation was
necessary.

For checking our numerical scheme we compared our
results for an isothermal fin (N, = 0) of radius R, = 4/3 with
the local non-similarity solution of Yu and Sparrow [12] for
an isothermal cylinder. Excellent agreement was obtained.
We also compared the overall fin heat transfer rate Qy with
the heat flux integrated over the convecting fin surface. The
deviation was less than 0.6% for the entire range of par-
ameters considered. In order to test the method by which we
solve the conduction equation, we fed a uniform value of the
heat transfer coefficient into it and compared its results with
the analytical solution obtained from the simple model. The
results matched exactly.

5. RESULTS AND DISCUSSION

Allowing the Prandt! number to vary in the range
0.01 < Pr < 100 and the conduction—convection parameter
to vary in the range 0 < N < 6, dimensionless values of
the local heat transfer coefficient 4y, average heat transfer
coefficient from an isothermal fin Ay, local fin temperature
6, local heat flux gy, overall fin heat transfer rate Qy, and
fin effectiveness ¢ based on an isothermal fin were determined

from the relations
hy = (hL/K)Re™ 12

1
hy = J. hy(X)dX
0

_ qL —y2 _
WERT,-T T
~ 0 e
Ov = kT -TH Y “N ax* =Y
and
¢ = QN/27'55N

where ¢ and Q are the dimensional counterparts of g, and
Qy, respectively. The conduction equation for 6;in the simple
model yields [10]

0; = cosh (N iy X?) Y% jcosh (N hy) /2
and the relations for gy, Qy and ¢ in the simple model are
qn = hyb;
Oy = 2n(hy /N, ) "? tanh (N hy) 2
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FiG. 1. Local heat transfer coefficient (R, = 4).
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and
¢ = tanh (Nohiy) "/ (Noohiy) V2.

The dimensionless fin radius R, has been kept at 4.0 for the
results presented here.

Figure 1 depicts the local heat transfer coefficient as a
function of X for various Pr and N values. Note the different
ordinate scales for different Prandtl numbers. Unlike the
uniform value assumed in the simple model, the heat transfer
coefficient decreases monotonically from the tip to the base
of the fin for all N, and Pr values as the boundary layer
grows along the flow direction. However, it increases with
both N, and Pr, because an increasing N, means higher
convective effects and/or smaller fin radius ry, and an increas-
ing Pr means smaller thermal boundary layer thickness. The
average heat transfer coefficient A from an isothermal fin is
presented in Table 1 for various Pr values. In the case of an
isothermal cylindrical fin the average heat transfer coefficient
#y is found to be nearly proportional to Pr®? rather than to
Pr* with n > 1/3 for cross flow over a cylinder. It may also
be recalled from ref. [9] that /2 decreases or increases as the
fin radius increases or decreases.

The local heat flux variation is presented in Fig. 2 along
with the prediction of the simple model. The heat flux pre-
dicted by the simple model is very different from what really
prevails. The difference between the two models is maximum
at low N, and Pr values near the tip region, and it decreases
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Table 1. Average heat transfer
coefficient (fy) for an isothermal fin
(Ro=4)

Pr hy
0.01 0.2034
0.1 0.4004
0.7 0.7258
10.0 1.6257
100.0 3.1458

as N, and Pr increase. However, for high Prandtl numbers
this difference increases at the base of the fin. Despite this
discrepancy in the local heat flux, the areas under the cor-
responding heat flux curves of the two models are almost
equal for all N, and Pr values.

Figure 3 displays the fin temperature distribution from
both the models for the two extreme Pr values. The fin
becomes more and more nonisothermal as either N or Pr
increases due to low fin conductance and high convective
effects. The simple model overpredicts the temperature over
the entire fin length except at the base, and the percentage
error in its prediction increases with both N, and Prandtl
number.
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FiG. 2. Local heat flux along the fin surface (R, = 4).
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FIG. 4. Fin effectiveness based on an isothermal fin (R, = 4).
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Figure 4 depicts the fin effectiveness ¢ based on an iso-
thermal fin for both the complete and simple models. The
effectiveness ¢ decreases as N, and Pr increase since the fin
becomes more and more nonisothermal due to decreased
fin conductance (K;r,) and/or increased convective effects.
Though the difference in ¢ for the two models is small, it
may be pointed out that the higher the values of N, and Pr
the more conservative the simple model gets. These results
are for R, = 4. We know [9] that the fin temperature becomes
less uniform as R, decreases due to lower fin conductance.
Thus, the fin effectiveness will decrease with decreasing R,.
The overall heat transfer rate Qy from the fin can be easily
calculated from Fig. 4 and Table 1, and is therefore not
presented separately.

6. CONCLUSIONS

A numerical solution of the coupled fin conduction equa-
tion and the laminar, forced convective boundary layer equa-
tions for a cylindrical fin has been carried out. The effects of
Prandtl number and the conduction-convection parameter
on the heat transfer characteristics have been studied. It
has been found that the dimensionless average heat transfer
coefficient for an isothermal cylindrical fin is nearly pro-
portional to Pr®3. While the simple model predicts the fin
effectiveness and the overall heat transfer rate from the fin
within tolerable accuracy over the entire range of Pr values,
its predictions of local heat flux and fin temperature are in
substantial error.
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1. INTRODUCTION

TRANSIENT heat transfer from a cylinder placed in a fluid-
saturated porous medium is considered. It is assumed that
the flows are perpendicular to the cylinder axis and the vel-
ocities are sufficiently large to neglect the buoyant force
caused by temperature differences, but small enough to
ensure the validity of Darcy’s law. When the wall tem-
perature of the cylinder is raised to T, and maintained at
that temperature thereafter, the thin thermal boundary layer
is formed during a small time period. The thermal layer
then grows with time until the radial thermal diffusion is
eventually balanced with the cross convection. The associ-
ated steady-state problem was first considered by Cheng [1]
with boundary layer approximations. The analysis has been
recently extended by Kimura [2] to cylinders of elliptic cross

sections with integral methods. The forced convection from
a cylinder has important applications in an area for shallow
geothermal energy use and development. For instance a
shallow aquifer, which is kept at a temperature of about
10°C during the winter time, is a possible heat source for
house heating and other uses in cold regions. Development
of heat extraction techniques from shallow aquifers with
cylindrical heat exchangers, i.e. large heat pipes, requires
knowledge on heat transfer described in the present problem.

2. MATHEMATICAL FORMULATION AND
SOLUTION PROCEDURE

Nondimensionalized conservation equations for momen-
tum and energy with the assumption of Darcy’s law and



